Abstract. We obtain a new class of compact Hausdorff spaces K for which c0 can be nontrivially twisted with C(K).
• K is a nonmetrizable Eberlein compact space;
• K is a Valdivia compact space which does not satisfy the countable chain condition (ccc); • the weight of K is equal to ω 1 and the dual space of C(K) is not weak*-separable; • K has the extension property ( [8] ) and it does not have ccc;
• C(K) contains an isomorphic copy of ℓ ∞ . Note also that if Ext(Y, c 0 ) = 0 and X contains a complemented isomorphic copy of Y , then Ext(X, c 0 ) = 0.
Here is an overview of the main results of this article. Theorem 2.3 gives a condition involving biorthogonal systems in a Banach space X which implies that Ext(X, c 0 ) = 0. In the rest of Section 2, we discuss some of its implications when X is of the form C(K). It is proven that if K contains a homeomorphic copy of [0, ω] × [0, c] or of 2 c , then Ext C(K), c 0 is nonzero, where c denotes the cardinality of the continuum. In Sections 3 and 4, we investigate the consequences of the results of Section 2 for Valdivia and Corson compacta. Recall that Valdivia compact spaces constitute a large superclass of Corson compact spaces closed under arbitrary products; moreover, every Eberlein compact is a Corson compact (see [11] for a survey on Valdivia compacta). Section 3 is devoted to the proof that, under CH, it holds that Ext C(K), c 0 = 0 for every nonmetrizable Corson compact space K. The question of whether Ext C(K), c 0 = 0 for an arbitrary nonmetrizable Valdivia compact space K remains open (even under CH), but in Section 4 we solve some particular cases of this problem.
General results
Throughout the paper, the weight and the density character of a topological space X are denoted, respectively, by w(X ) and dens(X ). Moreover, we always denote by χ A the characteristic function of a set A and by |A| the cardinality of A. We start with a technical lemma which is the heart of the proof of Theorem 2.3. A family of sets (A i ) i∈I is said to be almost disjoint if each A i is infinite and A i ∩ A j is finite, for all i, j ∈ I with i = j. Lemma 2.1. There exists an almost disjoint family (A n,α ) n∈ω,α∈c of subsets of ω satisfying the following property: for every family (A ′ n,α ) n∈ω,α∈c with each A ′ n,α ⊂ A n,α cofinite in A n,α , it holds that sup p∈ω |M p | = +∞, where:
We will obtain an almost disjoint family (A n,α ) n∈ω,α∈c of subsets of 2 <ω with the desired property, where 2 <ω = k∈ω 2 k denotes the set of finite sequences in 2 = {0, 1}. For each ǫ ∈ 2 ω , we set:
so that (A ǫ ) ǫ∈2 ω is an almost disjoint family of subsets of 2 <ω . Let (B α ) α∈c be an enumeration of the uncountable Borel subsets of 2 ω . Recalling that |B α | = c for all α ∈ c ([12, Theorem 13.6]), one easily obtains by transfinite recursion a family (ǫ n,α ) n∈ω,α∈c of pairwise distinct elements of 2 ω such that ǫ n,α ∈ B α , for all n ∈ ω, α ∈ c. Set A n,α = A ǫn,α and let (A ′ n,α ) n∈ω,α∈c be as in the statement of the lemma. For n ∈ ω, denote by D n the set of those ǫ ∈ 2 ω such that n ∈ M p for all but finitely many p ∈ A ǫ . Note that:
where C p denotes the clopen subset of 2 ω consisting of the extensions of p.
The above equality implies that D n is an F σ (and, in particular, a Borel) subset of 2 ω . We claim that the complement of D n in 2 ω is countable. Namely, if it were uncountable, there would exist α ∈ c with B α = 2 ω \ D n . But, since n ∈ M p for all p ∈ A ′ n,α , we have that ǫ n,α ∈ D n , contradicting the fact that ǫ n,α ∈ B α and proving the claim. To conclude the proof of the lemma, note that for each n ≥ 1 the intersection i<n D i is nonempty; for ǫ ∈ i<n D i , we have that {i : i < n} ⊂ M p , for all but finitely many p ∈ A ǫ . Let X be a Banach space. Recall that a biorthogonal system in X is a family (x i , γ i ) i∈I with x i ∈ X, γ i ∈ X * , γ i (x i ) = 1 and γ i (x j ) = 0 for i = j. The cardinality of the biorthogonal system (x i , γ i ) i∈I is defined as the cardinality of I. Definition 2.2. Let (x i , γ i ) i∈I be a biorthogonal system in a Banach space X. We call (x i , γ i ) i∈I bounded if sup i∈I x i < +∞ and sup i∈I γ i < +∞; weak*-null if (γ i ) i∈I is a weak*-null family, i.e., if γ i (x) i∈I is in c 0 (I), for all x ∈ X. Theorem 2.3. Let X be a Banach space. Assume that there exist a weak*-null biorthogonal system (x n,α , γ n,α ) n∈ω,α∈c in X and a constant C ≥ 0 such that:
Proof. By [7, Proposition 1.4 .f], we have that Ext(X, c 0 ) = 0 if and only if every bounded operator T : X → ℓ ∞ /c 0 admits a lifting 1 , i.e., a bounded operator T : X → ℓ ∞ with T (x) = T (x)+c 0 , for all x ∈ X. Let us then show that there exists an operator T : X → ℓ ∞ /c 0 that does not admit a lifting. To this aim, let (A n,α ) n∈ω,α∈c be an almost disjoint family as in Lemma 2.1 and consider the unique isometric embedding S : c 0 (ω × c) → ℓ ∞ /c 0 such that S(e n,α ) = χ An,α + c 0 , where (e n,α ) n∈ω,α∈c denotes the canonical basis of c 0 (ω×c). Denote by Γ : X → c 0 (ω×c) the bounded operator with coordinate functionals (γ n,α ) n∈ω,α∈c and set T = S • Γ : X → ℓ ∞ /c 0 . Assuming by contradiction that there exists a lifting T of T and denoting by (µ p ) p∈ω the sequence of coordinate functionals of T , we have that the set:
is cofinite in A n,α . It follows that for each k ≥ 1, there exist p ∈ ω, n 1 , . . . , n k ∈ ω pairwise distinct, and α 1 , . . . , α k ∈ c such that p ∈ A ′ n i ,α i , for i = 1, . . . , k. Hence:
which yields a contradiction.
Corollary 2.4. Let K be a compact Hausdorff space. Assume that there exists a bounded weak*-null biorthogonal system (f n,α , γ n,α ) n∈ω,α∈c in C(K) such that f n,α f m,β = 0, for all n, m ∈ ω with n = m and all α, β ∈ c. Then
Definition 2.5. We say that a compact Hausdorff space K satisfies property ( * ) if there exist a sequence (F n ) n∈ω of closed subsets of K and a bounded weak*-null biorthogonal system (f n,α , γ n,α ) n∈ω,α∈c in C(K) such that:
and supp f n,α ⊂ F n , for all n ∈ ω and all α ∈ c, where supp f n,α denotes the support of f n,α .
In what follows, we denote by M (K) the space of finite countably-additive signed regular Borel measures on K, endowed with the total variation norm. We identify as usual the dual space of C(K) with M (K). Lemma 2.6. Let K be a compact Hausdorff space and L be a closed subspace of K. If L satisfies property ( * ), then so does K.
Proof. Consider, as in Definition 2.5, a sequence (F n ) n∈ω of closed subsets of L and a bounded weak*-null biorthogonal system (f n,α , γ n,α ) n∈ω,α∈c in C(L). By recursion on n, one easily obtains a sequence (U n ) n∈ω of pairwise disjoint open subsets of K with each U n containing F n . Let V n be an open subset of K with F n ⊂ V n ⊂ V n ⊂ U n . Using Tietze's Extension Theorem and Urysohn's Lemma, we get a continuous extensionf n,α of f n,α to K with support contained in V n and having the same norm as f n,α . To conclude the proof, letγ n,α ∈ M (K) be the extension of γ n,α ∈ M (L) that vanishes identically outside of L and observe that (f n,α ,γ n,α ) n∈ω,α∈c is a bounded weak*-null biorthogonal system in C(K).
As an immediate consequence of Lemma 2.6 and Corollary 2.4, we obtain the following result. We now establish a few results which give sufficient conditions for a space K to satisfy property ( * ). Recall that, given a closed subset F of a compact Hausdorff space K, an extension operator for F in K is a bounded operator E : C(F ) → C(K) which is a right inverse for the restriction operator
Note that F admits an extension operator in K if and only if the kernel
of the restriction operator is complemented in C(K). A point x of a topological space X is called a cluster point of a sequence (S n ) n∈ω of subsets of X if every neighborhood of x intersects S n for infinitely many n ∈ ω.
Lemma 2.8. Let K be a compact Hausdorff space. Assume that there exist a sequence (F n ) n∈ω of pairwise disjoint closed subsets of K and a closed subset F of K satisfying the following conditions:
(a) F admits an extension operator in K; (b) every cluster point of (F n ) n∈ω is in F and F n ∩ F = ∅, for all n ∈ ω; (c) there exists a family (f n,α , γ n,α ) n∈ω,α∈c , where (f n,α , γ n,α ) α∈c is a weak*-null biorthogonal system in C(F n ) for each n ∈ ω and sup n∈ω,α∈c f n,α < +∞, sup n∈ω,α∈c γ n,α < +∞.
Then K satisfies property ( * ).
Proof. From (b) and the fact that the F n are pairwise disjoint it follows that (1) holds. Let (U n ) n∈ω , (V n ) n∈ω , and (f n,α ) n∈ω,α∈c be as in the proof of Lemma 2.6; we assume also that V n ∩F = ∅, for all n ∈ ω. Letγ n,α ∈ M (K) be the extension of γ n,α ∈ M (F n ) that vanishes identically outside of F n . We have that (f n,α ,γ n,α ) n∈ω,α∈c is a bounded biorthogonal system in C(K) and that (γ n,α ) α∈c is weak*-null for each n, though it is not true in general that the entire family (γ n,α ) n∈ω,α∈c is weak*-null. In order to take care of this problem, let P : C(K) → C(K|F ) be a bounded projection and set γ n,α =γ n,α •P . Since allf n,α are in C(K|F ), we have that (f n,α ,γ n,α ) n∈ω,α∈c is biorthogonal. To prove that (γ n,α ) n∈ω,α∈c is weak*-null, note that (b) implies that lim n→+∞ f | Fn = 0, for all f ∈ C(K|F ).
Corollary 2.9. Let K be a compact Hausdorff space. If C(K) admits a bounded weak*-null biorthogonal system of cardinality c, then the space [0, ω] × K satisfies property ( * ). In particular, L × K satisfies property ( * ) for every compact Hausdorff space L containing a nontrivial convergent sequence.
Proof. Take Recall that a projectional resolution of the identity (PRI) of a Banach space X is a family (P α ) ω≤α≤dens(X) of projection operators P α : X → X satisfying the following conditions:
• P α = 1, for ω ≤ α ≤ dens(X);
• P dens(X) is the identity of X;
We call the PRI strictly increasing if P α [X] is a proper subspace of P β [X], for ω ≤ α < β ≤ dens(X). Proof. This follows from Corollary 2.9 by observing that if a Banach space X admits a strictly increasing PRI, then X admits a weak*-null biorthogonal system (x α , γ α ) ω≤α<dens(X) with x α = 1 and γ α ≤ 2, for all α. Namely, pick a unit vector x α in P α+1 [X] ∩ Ker(P α ) and set γ α = φ α • (P α+1 − P α ), where φ α ∈ X * is a norm-one functional satisfying φ α (x α ) = 1.
Nontrivial twisted sums for Corson compacta
Let us recall some standard definitions. Given an index set I, we write Σ(I) = x ∈ R I : supp x is countable , where the support supp x of x is defined by supp x = i ∈ I : x i = 0 . Given a compact Hausdorff space K, we call A a Σ-subset of K if there exist an index set I and a continuous injection ϕ : K → R I such that A = ϕ −1 [Σ(I)]. The space K is called a Valdivia compactum if it admits a dense Σ-subset and it is called a Corson compactum if K is a Σ-subset of itself. This section will be dedicated to the proof of the following result. Proof. We can write F = n∈ω V n , with each V n open in K and V n+1 properly contained in V n . Set U n = V n \V n+1 , so that all cluster points of (U n ) n∈ω are in F . To conclude the proof, let F n be a nonempty regular closed set contained in U n .
Once we get the closed sets (F n ) n∈ω from Lemma 3.2, we still have to verify the rest of the conditions in the statement of Lemma 2.8. First, we need an assumption ensuring that w(F n ) ≥ c, for all n. To this aim, given a point x of a topological space X , we define the weight of x in X by:
Recall that if K is a Valdivia compact space, then C(K) admits a PRI ([15, Theorem 2]). Moreover, a trivial adaptation of the proof in [15] shows in fact that C(K) admits a strictly increasing PRI. Thus, by the argument in the proof of Corollary 2.11, C(K) admits a weak*-null biorthogonal system (f α , γ α ) ω≤α<w(K) such that f α ≤ 1 and γ α ≤ 2, for all α. The following result is now immediately obtained. Assuming that K has ccc, the next lemma allows us to reduce the proof of Theorem 3.1 to the case when w(x, K) ≥ c, for all x ∈ K. Lemma 3.4. Let K be a ccc Valdivia compact space and set: Proof. If H = ∅, then K can be covered by a finite number of open sets with weight less than c, so that w(K) < c. This proves (a). To prove (b), let (U i ) i∈I be maximal among antichains of open subsets of K with weight less than c. Since I is countable and c has uncountable cofinality, we have that U = i∈I U i has weight less than c. From the maximality of (U i ) i∈I , it follows that
To conclude the proof of (b), let us show that w(U ) < c. Let A be a dense Σ-subset of K and let D be a dense subset of A ∩ U with |D| ≤ w(U ). Then D is homeomorphic to a subspace of R w(U ) , so that w(U ) = w(D) ≤ w(U ) < c.
To prove (c), note that H is clearly closed; moreover, by (b), the open set K \int(H) has weight less than c and hence it is contained in K \H. Finally, to prove (d), let V be a closed neighborhood in K of some x ∈ H. By (b), we have w(V \ H) < c. Recall from [9, p. 26 ] that if a compact Hausdorff space is the union of not more than κ subsets of weight not greater than κ, then the weight of the space is not greater than κ. Since w(V ) ≥ c, it follows from such result that w(V ∩ H) ≥ c. 
Towards the general Valdivia case
In this section we prove that Ext C(K), c 0 = 0 for certain classes of nonmetrizable Valdivia compact spaces K and we propose a strategy for dealing with the general problem. First, let us state some results which are immediate consequences of what we have done so far. Proof. As we have observed in Section 3, if K is a Valdivia compact space, then C(K) admits a strictly increasing PRI. The conclusion follows from Corollary 2.11. Proposition 4.2. Let K be a Valdivia compact space admitting a G δ point x with w(x, K) ≥ c. Then Ext C(K), c 0 = 0 and, if K has ccc, then K satisfies property ( * ).
Proof. As mentioned before, the non-ccc case is already known. Assuming that K has ccc, define H as in Lemma 3.4 and conclude that H satisfies property ( * ) using Corollary 3.3 with F = {x}. Proof. By [11, Theorem 3.3] , K has a dense subset of G δ points. Assuming that K has ccc and defining H as in Lemma 3.4, we obtain that H contains a G δ point of K, which implies that K satisfies the assumptions of Proposition 4.2. Now we investigate conditions under which a Valdivia compact space K contains a homeomorphic copy of [0, ω] × [0, c]. Given an index set I and a subset J of I, we denote by r J : R I → R I the map defined by setting r J (x)| J = x| J and r J (x)| I\J ≡ 0, for all x ∈ R I . Following [2] , given a subset K of R I , we say that
, it is proven that if K is a compact subset of R I and Σ(I) ∩ K is dense in K, then every infinite subset J of I is contained in a K-good set J ′ with |J| = |J ′ |. Proof. We can obviously assume that K is a compact subset of some R I and that A = Σ(I) ∩ K. Since A is sequentially closed, our hypothesis implies that there exists a continuous injective map [0, ω] ∋ n → x n ∈ K \ A. Let J be a countable subset of I such that x n | J = x m | J , for all n, m ∈ [0, ω] with n = m. Using [2, Lemma 1.2] and transfinite recursion, one easily obtains a family (J α ) α≤ω 1 of K-good subsets of I satisfying the following conditions:
• J α is countable, for α < ω 1 ;
is injective. Given these conditions, it is readily checked that the map
is continuous and injective. . Moreover, the nontrivial sequence φ(n, α) n∈ω converges to φ(ω, α). One consequence of this observation is that if K \ A contains a nontrivial convergent sequence for some dense Σ-subset A of K, then K \ A contains a nontrivial convergent sequence for any dense Σ-subset A of K.
Remark 4.6. If a Valdivia compact space K admits two distinct dense Σ-subsets, then the assumption of Proposition 4.4 holds for K. Namely, given dense Σ-subsets A and B of K and a point x ∈ A \ B, then x is not isolated, since B is dense. Moreover, x is not isolated in A, because A is dense. Finally, since A is a Fréchet-Urysohn space ([11, Lemma 1.6 (ii)]), x is the limit of a sequence in A \ {x}. Recall that a tree is a partially ordered set (T, ≤) such that, for all t ∈ T , the set (·, t) = s ∈ T : s < t is well-ordered. As in [14, p . 288], we define a compact Hausdorff space from a tree T by considering the subspace P (T ) of 2 T consisting of all characteristic functions of paths of T ; by a path of T we mean a totally ordered subset A of T such that (·, t) ⊂ A, for all t ∈ A. It is easy to see that P (T ) is closed in 2 T ; we call it the path space of T .
Denote by S(ω 1 ) the set of countable successor ordinals and consider the tree T = α∈S(ω 1 ) ω α 1 , partially ordered by inclusion. The path space P (T ) is the image of the injective map Λ ∋ λ → χ A(λ) ∈ 2 T , where Λ = α≤ω 1 ω α 1 and A(λ) = t ∈ T : t ⊂ λ . Proposition 4.7. If the tree T is defined as above, then its path space P (T ) is a compact subspace of R T satisfying the following conditions:
(a) P (T ) ∩ Σ(T ) is dense in P (T ), so that P (T ) is Valdivia; (b) P (T ) has no G δ points; (c) no point of P (T )\Σ(T ) is the limit of a nontrivial sequence in P (T ).
Proof. To prove (a), note that χ A(λ) = lim α<ω 1 χ A(λ|α) for all λ ∈ ω ω 1 1 . Let us prove (b). Since P (T ) is Valdivia, every G δ point of P (T ) must be in Σ(T ) ([10, Proposition 2.2 (3)]), i.e., it must be of the form χ A(λ) , with λ ∈ ω α 1 , α < ω 1 . To see that χ A(λ) cannot be a G δ point of P (T ), it suffices to check that for any countable subset E of T , there exists µ ∈ Λ, µ = λ, such that χ A(λ) and χ A(µ) are identical on E. To this aim, simply take µ = λ ∪ {(α, β)}, with β ∈ ω 1 \ t(α) : t ∈ E and α ∈ dom(t) . Finally, to prove (c), let χ A(λn) n≥1 be a sequence of pairwise distinct elements of P (T ) converging to some ǫ ∈ P (T ) and note that the support of ǫ must be contained in the countable set n =m A(λ n ) ∩ A(λ m ) .
It is easy to see that, for T defined as above, the space P (T ) does not have ccc. Namely, setting U t = ǫ ∈ P (T ) : ǫ(t) = 1 for t ∈ T , we have that U t is a nonempty open subset of P (T ) and that U t ∩ U s = ∅, when t, s ∈ T are incomparable.
